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Abstract
We study the cosmological evolution of some nonlocal gravity models, when the
initial conditions are set during a phase of primordial inflation. We examine in par-
ticular three models, the so-called RT, RR and ∆4 models, previously introduced by
our group. We find that the RR and ∆4 models have a stable evolution also during
inflation. The RT model has an apparent instability, but we show that, because of the
smallness of the scale associated to the nonlocal term compared to the inflationary
scale, this instability is innocuous and also the RT model has a viable evolution even
when its initial conditions are set during a phase of primordial inflation.
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1 Introduction
Understanding the origin of dark energy (DE) is among the most important problems
in cosmology. The simplest solution, a cosmological constant, fits the data very well,
so ΛCDM is at present the standard cosmological paradigm. However, the accuracy of
present and future observations allows us to test ΛCDM against competing theories, so
it is clearly interesting to develop alternatives to ΛCDM. At the conceptual level, an
especially intriguing possibility is to explain DE by modifying General Relativity (GR) at
cosmological distances, see e.g. [1–3] for reviews of different approaches.
Nonlocality opens up new interesting possibilities for building large-distance (“in-
frared”) modifications of GR. While at the fundamental level quantum field theory is
local, in the presence of massless or light particles the quantum effective action that in-
cludes quantum corrections unavoidably develops nonlocal terms, both at the perturbative
and at the non-perturbative level. In this spirit, phenomenological nonlocal modifications
of GR were proposed in [4] and in [5, 6] (see [7] for review). In the last few years our
group has introduced a different class of nonlocal models, characterized by the fact that
the nonlocal terms are associated with a mass scale. These models, which evolved from
previous work related to the degravitation idea [8–10] as well as from attempts at writing
massive gravity in nonlocal form [11,12], turn out to work extremely well in the compari-
son with cosmological observations. A first model of this class, proposed in [13], is based
on a nonlocal equation of motion,
Gµν − m
2
3
(
gµν2
−1R
)T
= 8piGTµν , (1.1)
where the superscript T denotes the operation of taking the transverse part of a tensor
(which is itself a non-local operation), and ensures energy-momentum conservation. We
will refer to this model as the “RT” model, where R stands for the Ricci scalar and T
for the extraction of the transverse part. A second model was introduced in [14], and is
defined by the quantum effective action
ΓRR =
m2Pl
2
∫
d4x
√−g
[
R− m
2
6
R
1
22
R
]
, (1.2)
where mPl is the reduced Planck mass, m
2
Pl = 1/(8piG), and again m is the new mass
parameter of the model. We will refer to it as the RR model. Finally, a third interesting
model is the “∆4” model, defined by [15]
Γ∆4 =
m2Pl
2
∫
d4x
√−g
[
R− m
2
6
R
1
∆4
R
]
, (1.3)
where
∆4 ≡ 22 + 2Rµν∇µ∇ν − 2
3
R2+
1
3
gµν∇µR∇ν (1.4)
is the so-called Paneitz operator, which enters in the quantum effective action for the
conformal anomaly. Conceptual and phenomenological aspects of these models have been
discussed in a series of papers [13–31], and recently reviewed in [32].
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In particular, the study of their cosmological solutions shows that, at the background
level, they generate an effective dark energy and have a realistic background FRW evolu-
tion, without the need of introducing a cosmological constant. Their cosmological pertur-
bations are well-behaved both in the scalar and in the tensor sector, and give predictions
consistent with CMB, supernovae, BAO and structure formation data. This allowed us
to move to the next step, implementing the cosmological perturbations in a Boltzmann
code and performing Bayesian parameter estimation and a detailed quantitative compar-
ison with ΛCDM [24, 29]. The result is that the RT model fits the data at a level which
is statistically indistinguishable from ΛCDM (and in fact even fits slightly better). The
performance of the RR model is also statistically indistinguishable from that of ΛCDM,
once neutrino masses are left free to vary, within the existing experimental limits [33,34].
We refer the reader to [32] and references therein for a detailed discussion of conceptual
aspects related to these nonlocal models, as well as for a discussion of the various nonlocal
models that have been studied, and which finally allowed us to narrow down the choice of
interesting nonlocal models.1
In the present paper we address a technical but important point concerning the evo-
lution of these models when the initial conditions are set during a phase of primordial
inflation. Indeed, in the phenomenological studies mentioned above, the evolution of the
models was started deep in the radiation-dominated (RD) phase. In that case, we found
a well behaved background evolution, with stable cosmological perturbations, until the
present epoch, for the RT, RR and ∆4 models. However, these nonlocal models are not
low-energy effective theories. We interpret them as quantum effective actions derived from
a fundamental action, which could be just the Einstein-Hilbert action; as such, their do-
main of validity is the same as that of the original theory. Hence, it is natural to demand
that a correct model should give a viable and stable cosmological evolution even if we start
its evolution during an earlier phase of primordial inflation. We can take this as a further
constraint that could help us to further narrow down the choice of viable nonlocal models.
We will see in this paper that this requirement is met by all three models, although for the
RT model the issue is more subtle, and there is an apparent instability during a de Sitter
epoch; however further analysis shows that this apparent instability is innocuous and also
the RT model is viable, even when setting the initial conditions during inflation.2
The paper is organized as follows. In Section 2 we study the cosmological evolution of
the RT model when the initial conditions are set during inflation, while in Sections 3 and
4 we investigate the same issue in the RR and in the ∆4 models.
1In particular in [34], that was finalized after the first version of this paper, we showed that the ∆4
model is phenomenologically excluded because it predicts a speed of gravitational waves sensibly different
from the speed of light, and therefore inconsistent with GW170817, while the RR and RT models pass this
test.
2On this point, we correct the wrong conclusion of the previous version of this paper.
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2 Cosmological evolution of the RT model with initial con-
ditions during inflation
2.1 Background evolution
As discussed in [13,17,19], to write the equations of motion of the RT model in local form
one first introduces an auxiliary field U ≡ −2−1R. Defining Sµν ≡ −Ugµν = gµν2−1R,
we can then split this tensor into a transverse part STµν , which by definition satisfies
∇µSTµν = 0, and a longitudinal part,
Sµν = S
T
µν +
1
2
(∇µSν +∇νSµ) . (2.1)
Thus, the nonlocal quantity STµν = (gµν2
−1R)T that appears in eq. (1.1) can be written
as
(gµν2
−1R)T = −Ugµν − 1
2
(∇µSν +∇νSµ) , (2.2)
in terms of an auxiliary scalar field U and an auxiliary four-vector field Sµ. The field U
by definition satisfies
2U = −R , (2.3)
while Sµ satisfies the equation
2Sν +∇µ∇νSµ = −2∂νU , (2.4)
which is obtained by taking the divergence of eq. (2.1). The temporal component S0
of Sµ is of course a scalar under rotation and, together with U , enters the equations at
the background level. In contrast, at the background level the spatial vector Si vanishes
because there is no preferred spatial direction in a FRW background. However, Si enters at
the level of cosmological perturbations. In a spacetime such as FRW, which has invariance
under spatial rotations, we can split the vector field Si into its longitudinal and transverse
parts with respect to spatial derivatives, Si = S
T
i + ∂iS, where ∂iS
T
i = 0. Then at
the background level S = 0, but at the level of perturbations δS is non-vanishing and
contributes to the scalar perturbations. In conclusion, at the background level we have
two auxiliary fields, U and S0, while for scalar perturbations the auxiliary fields contribute
with δU, δS0 and δS.
Specializing the (0, 0) component of the Einstein equations and eqs. (2.3) and (2.4) to
a FRW metric, one obtains
H2 − m
2
9
(U − S˙0) = 8piG
3
ρ (2.5)
U¨ + 3HU˙ = 6H˙ + 12H2 , (2.6)
S¨0 + 3HS˙0 − 3H2S0 = U˙ , (2.7)
where the dot is the derivative with respect to cosmic time t. It is convenient to pass
to dimensionless variables, using x ≡ ln a(t) to parametrize the temporal evolution. We
denote df/dx = f ′, and we define h(x) = H(x)/H0, ζ(x) ≡ h′/h, γ ≡ m2/(9H20 ), and
Y ≡ U − S˙0 . (2.8)
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Then the above equations become
h2(x) = ΩMe
−3x + ΩRe−4x + γY (x) , (2.9)
Y ′′ + (3− ζ)Y ′ − 3(1 + ζ)Y = 3U ′ − 3(1 + ζ)U , (2.10)
U ′′ + (3 + ζ)U ′ = 6(2 + ζ) , (2.11)
where ΩR,M ≡ ρR,M (t0)/ρc denotes as usual the present energy fractions. We see from
eq. (2.9) that there is an effective DE density ρDE(x) = ρ0γY (x), where ρ0 = 3H
2
0/(8piG).
Given the initial conditions of the auxiliary fields, the numerical integration of eqs. (2.10)
and (2.11) is straightforward. Before proceeding with the study of these equations, it is
however important to understand the freedom in the choice of these initial conditions. It
should be stressed that the auxiliary fields, such as U, S and S0 (or Y ) in the RT model
(or U and S in the RR model, see below) do not represent new independent degrees of
freedom of the theory. Their initial conditions are in fact in principle fixed by the initial
conditions on the metric. If one had an explicit derivation of the quantum effective action
from the fundamental theory, one could derive this relation explicitly. A toy example of
a nonlocal quantum effective action that can be derived explicitly from the fundamental
theory is the Polyakov quantum effective action in D = 2 space-time dimensions, which
can be obtained from the fundamental action of two-dimensional gravity coupled to con-
formal matter fields, through the integration of the conformal anomaly. In the Polyakov
quantum effective action the nonlocal term is proportional to R2−1R, and could in prin-
ciple be written in local form, while still maintaining explicit diffeomorphism invariance,
by introducing an auxiliary field U = −2−1R.3 In this case, in which one has an explicit
derivation of the quantum effective action, one can also find explicitly the relation be-
tween the initial conditions of U and the initial conditions of the metric, see [32]. This
point is conceptually important, since it implies than nonlocal gravity is not the same as
a scalar-tensor theory (or scalar-vector-tensor, for the RT model).
In practice, however, lacking an explicit derivation of the infrared limit of the quantum
effective action in the four-dimensional case, one is in principle confronted with the problem
of choosing the initial conditions of the auxiliary fields and of their derivatives. At the
level of background evolution, these initial conditions are in one-to-one correspondence
with the independent solutions of the homogeneous equations associated to the definition
of the auxiliary fields, which for the RT model are given by eqs. (2.6) and (2.7). In general,
for such homogeneous equations, we can have either unstable modes, growing exponentially
with x, or exponentially decaying modes, or constant modes. The initial conditions of the
auxiliary fields that excite decaying modes correspond to irrelevant direction in parameter
space. Therefore, these parameters do not affect the cosmological predictions of the model,
nor its stability, and can be set to zero. Marginal directions can introduce a freedom in
the predictions of the theory, but do not threaten the stability of the model. In contrast,
growing modes can pose a threaten, potentially leading to an unacceptable evolution and
a strong dependence on the initial conditions, and must be studied with care. Let us recall
the results of this analysis for the RT model [13]. To obtain simple analytic results, it
is convenient to make use of the fact that, in any given epoch, the parameter ζ has an
approximately constant value ζ0, with ζ0 = {0,−2,−3/2} in de Sitter (dS), RD and MD,
3The Polyakov action becomes local also when written in terms of the conformal factor. In this case,
however, diffeomorphism invariance is no longer explicit.
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respectively. In the approximation of constant ζ eq. (2.11) can be integrated analytically,
and has the solution
U(x) =
6(2 + ζ0)
3 + ζ0
x+ u0 + u1e
−(3+ζ0)x , (2.12)
where the coefficients u0, u1 parametrize the general solution of the homogeneous equation
U ′′ + (3 + ζ0)U = 0. Plugging eq. (2.12) into eq. (2.10) and solving for Y (x) we get
Y (x) = − 2(2 + ζ0)ζ0
(3 + ζ0)(1 + ζ0)
+
6(2 + ζ0)
3 + ζ0
x+ u0
− 6(2 + ζ0)u1
2ζ20 + 3ζ0 − 3
e−(3+ζ0)x + a1eα+x + a2eα−x , (2.13)
where
2α± = −3 + ζ0 ±
√
21 + 6ζ0 + ζ20 . (2.14)
During RD and MD both α+ and α− are negative. This is important, since a positive
value would have led to a mode growing exponentially in x (i.e., as a power in the scale
factor). Any small perturbation would then unavoidably excite this growing mode, and
this would have quickly led to an unacceptable background evolution during RD or MD.
In contrast, during dS there is a growing mode, with
αdS+ = (−3 +
√
21)/2 ' 0.79 . (2.15)
This instability is due to the S0 auxiliary field. Indeed, from eq. (2.7) with H constant we
see that there is a solution of the associated homogeneous equation S0(t) ∝ eαdS+ Ht, i.e.
S0(x) ∝ eαdS+ x , (2.16)
which induces the same instability in Y = U − S˙0. In our previous work on the RT model
the cosmological evolution was started deep in the RD phase, with initial values U(xin) =
U ′(xin) = Y (xin) = Y ′(xin) = 0. The initial conditions {U(xin), U ′(xin), Y (xin), Y ′(xin)}
are in one-to-one correspondence with the parameters {u0, u1, a1, a2} in eqs. (2.12) and
(2.13). From the fact that, in RD, α± < 0, it follows that a1, a2 correspond to stable
directions, i.e. the solution obtained starting in RD with generic non-vanishing values
of a1, a2 approaches exponentially fast the solution obtained starting with a1 = a2 = 0.
Similarly, we see from eq. (2.12) (with ζ0 = −2 in RD) that u1 is associated to an irrelevant
direction. In contrast, u0 is associated with a marginally-stable direction, and setting
a non-vanishing initial value for u0 effectively amounts to reintroducing a cosmological
constant [13,17].
Let us now investigate what happens if we start the evolution at some initial time deep
into a primordial de Sitter inflationary phase with generic initial conditions, i.e. without
fine-tuning Y to zero at the initial time. At first sight, one might fear that the presence
of the unstable mode (2.16) should lead to an unacceptable evolution and to a strong
dependence on the associated initial conditions. However, we will see that the situation is
acceptable, both at the level of background evolution and of cosmological perturbations.
We denote by ain the value of the scale factor, during inflation, when we set the initial
conditions, and by aend the value when inflation ends. For the purpose of studying the
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stability of the model, we will neglect the intermediate reheating phase (which in typical
reheating models is similar to a matter-dominated phase). We write
xend − xin = log (aend/ain) ≡ ∆N , (2.17)
i.e. ∆N is the number of e-folds from the initial time to the end of a quasi-de Sitter phase
of inflation. Thus, if Y (xin) has a generic value of order one (i.e., is not fine-tuned to
zero), by the end of inflation
Y (xend) ' exp{αdS+ ∆N} ' exp{0.79∆N} . (2.18)
Note that, despite this exponential growth, even for very large values of ∆N the corre-
sponding DE density ρDE(x) = ρ0γY (x) has no effect on the inflationary dynamics. This
is due to the fact that ρ0 = 3H
2
0/(8piG) ∼ (10−3eV)4 is extremely small compared to the
energy density during inflation. For instance, if Y (xin) = O(1) and we take ∆N = 60, at
the end of inflation we get Y (xend) = O(1020). Even with such a large value of Y , we have
[ρ0Y (xend)]
1/4 ∼ 10−3eV × Y 1/4(xend) = O(102) eV . (2.19)
This is totally negligible compared to the inflationary scale M , that has typical values, say,
of order 1013 GeV.4 Thus, during the inflationary phase the evolution of the scale factor
is the same as in standard GR without the nonlocal term; the auxiliary fields U and Y
are at this stage ‘spectator fields’, that do not influence the evolution of the scale factor,
and whose evolution can be computed inserting in eqs. (2.10) and (2.11) the solution for
H(t) computed from the inflationary solution, neglecting the nonlocal term. Observe that
eqs. (2.10) and (2.11) are not affected by the inclusion of the inflationary sector, since
they just express the definition of the auxiliary fields (e.g U = −2−1R), needed to put
the original nonlocal equations in local form.
The evolution of U can be computed similarly, using eq. (2.12). During a quasi-de Sitter
phase of inflation, starting from a value of order one, we get
U(xend) ' 4∆N . (2.20)
We now use eqs. (2.9)–(2.11) to further evolve numerically the system through RD, MD
and the present DE-dominated epoch, using Y (xend) and U(xend) as initial values for the
subsequent evolution.
The results are shown in Fig. 1. In the left panel we show the result for the DE density
ρDE(x) as a function of x = log a, for ∆N = 50 and ∆N = 60, compared to the ‘minimal
scenario’ where the evolution is started in RD with vanishing initial conditions. For each
value of ∆N , the parameter γ is chosen in such a way to obtain the observed present value
of ρDE(x = 0)/ρ0, that here we have fixed to 0.7 (of course, in a full analysis including
the cosmological perturbations, this value will be determined self-consistently by Bayesian
parameter estimation). Explicitly, we find γ ' {0.05, 0.005, 3 × 10−4} for the minimal
model and for ∆N = 50, 60, respectively.5
4Furthermore, we will see below that γ  1, and decreases with ∆N so to keep γY (x = 0) fixed.
5For sufficiently large ∆N , an increase in the initial values of Y at the beginning of RD is exactly
compensated by a decrease in γ, and we end up on the same solution. This is due to the fact that, for
large ∆N , after inflation U  Y and we can set to zero the right-hand side in eq. (2.10). Then we
get a homogeneous equation for Y and, for the subsequent evolution, an increase in the values Y (xend)
and Y ′(xend) ' αdS+ Y (xend) can be exactly compensated by a decrease in γ, such that ρDE ≡ ρ0γY is
unchanged.
6
Figure 1: Left panel: the evolution of the dark energy density for ∆N = 50 and ∆N = 60,
compared to the “minimal” scenario where the evolution is started in RD with vanishing
initial conditions on the auxiliary fields. Right panel: The prediction for wDE(z) for
∆N >∼60. The shaded region is excluded by the Planck data [35].
Observe that RD-MD equilibrium is at xeq ' −8.1, while x = 0 corresponds to the
present epoch, and we extended the plot into the cosmological future. The right panel
shows the corresponding result for the DE equation of state wDE(z), defined as usual from
the conservation equation
ρ˙DE + 3(1 + wDE)HρDE = 0 , (2.21)
We see that, at the background level, we get a viable and in fact even quite interesting
evolution, with a DE equation of state that, for ∆N >∼60, crosses from non-phantom to
phantom with decreasing redshift.
2.2 Cosmological perturbations
We next study what happens at the level of cosmological perturbations. The equations
governing the cosmological perturbations of the RT model have been written down in [19]
and in app. A of [20]. In the scalar sector, the metric perturbations are written as
ds2 = −(1 + 2Ψ)dt2 + a2(t)(1 + 2Φ)δijdxidxj , (2.22)
We further expand the auxiliary fields into a background value plus perturbations. As
discussed above, at the perturbation level in the scalar sector we have three variables
δU, δS0 and δS. It is convenient to trade S0 and S for the variables
V = H0S0 , Z = H
2
0S . (2.23)
7
where S0 is the µ = 0 component of Sµ in coordinates (t,x).
6 We then use δU, δV, δZ.
The corresponding perturbed Einstein equations are
kˆ2Φ + 3(Φ′ −Ψ) = 3
2h2ρ0
[
δρ+ γρ0
(
δU − hδV ′ + 2hΨV¯ ′ + hΨ′V¯ )] , (2.24)
kˆ2(Φ′ −Ψ) = − 3
2h2ρ0
[
ρ¯(1 + w)θˆ + kˆ2γρ0
(
h2δZ − h
2
2
δZ ′ + hΨV¯ − h
2
δV
)]
, (2.25)
kˆ2(Ψ + Φ− 3γδZ) = 9
2h2ρ0
ρ¯(1 + w)e2xσ , (2.26)
Φ′′ + (3 + ζ)Φ′ −Ψ′ − (3 + 2ζ)Ψ + kˆ
2
3
(Φ + Ψ)
= − 3
2h2ρ0
[
δp− γρ0
(
δU − h(Φ′ − 2Ψ)V¯ − hδV − kˆ
2
3
h2δZ
)]
, (2.27)
where kˆ = k/(aH), θˆ = θ/(aH), an overbar denotes here a background quantity and, as
before, the prime denotes the derivative with respect to x ≡ ln a, and ζ(x) ≡ h′/h. The
linearization of the equations for the auxiliary fields gives
δU ′′ + (3 + ζ)δU ′ + kˆ2δU = 2kˆ2(Ψ + 2Φ) + 6(Φ′′ + (4 + ζ)Φ′)− 6 [Ψ′ + 2(2 + ζ)Ψ]
+2ΨU¯ ′′ +
[
2Ψ(3 + ζ) + (Ψ′ − 3Φ′)] U¯ ′ (2.28)
δV ′′ + (3 + ζ)δV ′ +
kˆ2
2
h(δZ ′ − 4δZ)− h−1δU ′ = 2ΨV¯ ′′ + [2(3 + ζ)Ψ + 3(Ψ′ − Φ′)] V¯ ′
+
[
Ψ′′ + (3 + ζ)Ψ′ + 6Φ′
]
V¯ −
[
(1/2)kˆ2 − 3
] (
δV − 2ΨV¯ ) , (2.29)
δZ ′′ + (1 + ζ)δZ ′ + 2
(
kˆ2 − (3 + ζ)
)
δZ = 2h−2δU
−h−1 [δV ′ + 5δV − 4ΨV¯ ′ − 2(Ψ′ − Φ′ + 4Ψ)V¯ ] . (2.30)
These equations have been studied in RD and in MD in [19, 20]. Let us now see what
happens during a phase of primordial inflation. By construction, a successful model of
primordial inflation must be such that, during the inflationary phase, all the modes relevant
for cosmology eventually exit the horizon. It can be natural to set initial conditions on
the auxiliary fields at the time that they exit the horizon (see the discussion below for the
proper initial conditions), so we need to study the stability of the perturbation equations
for super-horizon modes. In this regime the physical wavelength is much larger than H−1
and the physical momentum k/a  H, so kˆ  1. Then, in the above equations we keep
only the lowest-order terms in kˆ2. We also limit ourselves for simplicity to an inflationary
phase in the limit of a de Sitter expansion, supported by a constant vacuum energy density.
Then the matter perturbations δρ, θˆ and σ vanish in the exact de Sitter limit.
Furthermore the dimensionless Hubble parameter h(x) = H(x)/H0 becomes constant
6Observe that, in app. A of ref. [20], we defined V as V = H0S0/a, where S0 was defined as the µ = 0
component of Sµ in coordinates (η,x), where η is conformal time. Denoting by St the µ = 0 component of
Sµ in coordinates (t,x) and by Sη the µ = 0 component of Sµ in coordinates (η,x), we have Stdt = Sηdη
and therefore Sη = aSt. In this paper we rather use the notation S0 for the µ = 0 component of Sµ in
coordinates (t,x).
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and is numerically very large for all typical inflationary scales. Indeed,
hinfl ≡ Hinfl
H0
=
(
ρinfl
ρ0
)1/2
'
(
Minfl
3× 10−3eV
)2
, (2.31)
where ρinfl is the energy density during a phase of de Sitter inflation, and Minfl ≡ ρ1/4infl is the
corresponding mass scale. We can then show that all terms in the above equation involving
V¯ (x) can be set to zero. Indeed, from Y = U − S˙0, it follows that V ′ = (U − Y )/h. Using
U¯(x) = 4x and Y¯ (x) ' exp{0.79x} (apart from an overall constant of order one) it follows
that, during inflation, V¯ (x) = O(h−1infl exp{0.79x}). Thus V¯ reaches a maximum value at
the end of inflation of order h−1infl exp{0.79∆N}. Despite the exponential term, this is still
an extremely small number, because hinfl is huge. For instance, for Minfl = 10
13 GeV,
from eq. (2.31) we have hinfl ∼ 1049 and, even setting ∆N = 60, h−1infl exp{0.79∆N} ∼
10−49×1020 is totally negligible. More generally, for inflation at a scale Minfl, the minimum
number of efolds necessary for solving the horizon and flatness problems is given by
∆N ' 64− log
(
1016 GeV
Minfl
)
, (2.32)
see e.g. Sect. 21.1 of [36] (this expression neglects the effect of a phase of reheating, which
is adequate here given the orders of magnitude involved). Combining this with eq. (2.31)
we get
h−1infle
0.79∆N ' 10−33
(
1016 GeV
Minfl
)1.21
, (2.33)
that even for Minfl as low as 1 TeV is at most of order 10
−18. Since all occurrences of V¯ in
the perturbation equations appear multiplied overall by factors O(1) or even O(1/h), we
can set V¯ (x) = 0 in the above equations. In contrast, from eq. (2.12), U¯ ′ = 4 is a number
O(1).
As usual, because of general covariance, in the scalar sector the four linearized Ein-
stein equations (2.24)–(2.27) are not independent once we take into account the linearized
energy-momentum conservation, and we have only two independent equations. We take
them to be eqs. (2.24) and (2.26) which, together with eqs. (2.28)–(2.30) give a system of
five equations for the five functions Ψ,Φ, δU, δV and δZ.
To take the limit kˆ2  1 in eq. (2.26) we observe that, on the left-hand side, we have
kˆ2 = k2/(a2H2), while on the right-hand side we have ρ¯e2x/(h2ρ0). Since e
2x = a2 and
ρ¯ ∼ ρ0/a4, this term is of order H20/(a2H2). All modes of cosmological interest are inside
the horizon at the present time, so they have k > H0.
7 Thus, even if we take the limit
kˆ → 0, the factor kˆ2 on the left-hand side of eq. (2.26) is larger than the factor ρ¯e2x/h2ρ0
on the right-hand side. On top of this, on the right-hand side we also have the factor
(1 + w)e2xσ, which vanishes in an exact de Sitter phase.8 Thus, in this limit eq. (2.26)
becomes Ψ + Φ− 3γδZ = 0.
7Recall that we are using units such that the scale factor today is equal to one, so the comoving
momontum k is the same as the physical momentum today.
8More precisely, if, rather than an exact de Sitter phase, we consider slow-roll inflation sourced by a
single inflation field φ, the anisotropic stress tensor Σij is given by ∂iδφ∂jδφ. The definition of σ in terms
of Σij is ρ¯(1 +w)σ ≡ a−2∇−2∂i∂jΣij (we follow the notation in [20]). It then follows that ρ¯(1 +w)σ is of
second order in the perturbations, and when working at linear order it can be neglected.
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It is convenient to introduce rescaled variables u, v, z from δU = h2u, δV = hv and,
for uniformity of notation, δZ = z. Then the independent equations take the following
form, for super-horizon modes during inflation:
Φ′ −Ψ = 1
2
γ(u− v′) , (2.34)
Ψ + Φ = 3γz , (2.35)
u′′ + 3u′ = (6Φ′′ + 12Φ′ − 2Ψ′)/h2 , (2.36)
v′′ + 3v′ − 3v = u′ , (2.37)
z′′ + z′ − 6z = 2u− v′ − 5v . (2.38)
We observe that, with this rescaling, h disappears from eq. (2.34). Furthermore, in the
limit h→∞, the right-hand side of eq. (2.36) vanishes and the equations for the pertur-
bations of the auxiliary fields, u, v and z, decouple from the matter perturbations. Solving
the homogeneous equations associated with eqs. (2.36)–(2.38) we see that z has a mode
growing as e2x and v a mode growing as eα
dS
+ x ' e0.79x. By the end of inflation, within
this linearized approximation, z has grown by a factor e2∆N compared to its initial value,
while v by a factor e0.79∆N . Taking for instance ∆N = 60, we have e2∆N ∼ 1052. At
first sight, this leads to the conclusion that these perturbation variables leave the linear
regime. If this were the case then, through their coupling with the metric perturbations
in eq. (2.34), they would spoil cosmological perturbation theory and the initial conditions
Φ,Ψ ∼ 10−5 provided by inflation in the standard scenario, leading to an unacceptable
cosmology.
However, this conclusion is incorrect because it does not take into account that, because
of the rescaling performed, the natural values of the initial conditions on the variables u, v
and z are extremely small. In terms of the original auxiliary field U ≡ −2−1R, a natural
initial condition, say set at the time that the modes exit the horizon during inflation, could
be Uin = O(1).9 However u(t) ≡ U(t)/h(t)2, where h(t) = H(t)/H0. As we have seen
in eq. (2.31), during a phase of primordial inflation h2(t) ≡ h2infl is a huge number. For
instance, for Minfl = 10
13 GeV, we have h2infl ∼ 1098. Thus, the natural initial condition
on u during inflation is
uin = h
−2
inflUin , (2.39)
which, for Minfl = 10
13 GeV, means uin ∼ 10−98Uin. The same happens for the variables
v and z (which are those that display instabilities). From the µ = ν = 0 component
of eq. (2.2) we see that, using cosmic time, so that gµν = (−1, a2δij), the natural initial
condition on S0 is such that (∂0S0)in ∼ Uin . Using ∂0 ∼ H we get (S0)in ∼ H−1inflUin.
Therefore, for the variable V = H0S0, we have Vin ∼ UinH0/Hinfl = h−1inflUin. The rescaled
variable v is defined by v = V/h and therefore
vin ∼ h−2inflUin . (2.40)
Similarly, from the (ii) component of eq. (2.2) and the definition of S from Si = S
T
i +∂iS,
we see that the natural initial conditions on the momentum modes Sk are given by Ua
2 ∼
k2Sk, where k is the comoving momentum. As we mentioned, a natural time to impose
9The precise value will be of no importance; we will see from the final result that it is enough that the
initial conditions set at this time are not astronomically large numbers, say 1055, see eq. (2.42) below.
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initial conditions is when the mode is crossing the horizon, so that k2/a2 ∼ H2infl. Then
Sin ∼ Uin/H2infl and for z ≡ H20S we get initial conditions
zin ∼ h−2inflUin , (2.41)
just as for u and v. The mode that grows faster is z, which during de Sitter grows as e2x.
Thus, starting from an initial value ∼ h−2infl, it reaches a value at the end of inflation of
order h−2infle
2∆N . Using eq. (2.31), we see that this is still an extremely small value,
h−2infle
2∆N ' 10−55
(
1016 GeV
Minfl
)2
, (2.42)
that for Minfl = 10
13 GeV is of order 10−49 and even for Minfl as low as 1 TeV is still
of order 10−29. Thus, the perturbations of the auxiliary fields always remain minuscule
during de Sitter inflation, despite their formally growing modes.
A posteriori, the physical interpretation of this result is obvious. The energy scale
associated to the nonlocal term is so small compared to the inflationary scale that the
nonlocal term has no impact whatsoever on the evolution during inflation. This is pre-
cisely what we found in Sect. 2.1 for the background evolution, where again we found an
instability in the variable Y , that however has no consequence on the dynamics of the
scale factor during inflation.
The RT model therefore has a viable cosmological evolution, both at the background
level and at the level of perturbations, during all cosmological phases, despite the presence
of an instability during an early inflationary phase. The basic reason is that the energy
scale associated to the nonlocal term is totally negligible with respect to the inflationary
scale.
One might wonder what happens in the present cosmological epoch, where, in the RT
model, we are approaching a dark-energy dominated phase driven by the nonlocal term, so
that now the energy density associated to the nonlocal term is precisely of the same order
as the total energy density. Indeed, in this case the numerical integration shows that the
cosmological perturbations eventually become unstable and leave the linear regime, but
this happens only in the cosmological future, see Fig. 4 of [32].
3 Stability of the RR model
We now ask the same question for the RR model. The background evolution has been
studied in [14]. The background equations can be written in terms of two auxiliary fields
U, V as
h2(x) =
ΩMe
−3x + ΩRe−4x + (γ/4)U2
1 + γ[−3V ′ − 3V + (1/2)V ′U ′] , (3.1)
U ′′ + (3 + ζ)U ′ = 6(2 + ζ) , (3.2)
V ′′ + (3 + ζ)V ′ = h−2U . (3.3)
where again γ = m2/(9H20 ) and ζ = h
′/h. The equation for U is the same as in the RT
model, so in any given phase with ζ = ζ0 the homogeneous solution for U is again
Uhom(x) = u0 + u1e
−(3+ζ0)x . (3.4)
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Similarly, the homogeneous equation for V is the same as that for U , so Vhom(x) =
v0 + v1e
−(3+ζ0)x. In the early Universe we have −2 ≤ ζ0 ≤ 0 and all these terms are
either constant or exponentially decreasing, which means that the solutions for both U
and V are stable in MD, RD, as well as in a previous inflationary stage. In particular, in
a de Sitter inflationary epoch ζ0 = 0 and we have a constant mode and a mode decreasing
as e−3x, for both U and V . At the background level, it can be convenient to trade V for
another auxiliary field W (x) = h2(x)V (x). Then eqs. (3.1)–(3.3) take a form similar to
eqs. (2.9)–(2.11), namely
h2(x) = ΩMe
−3x + ΩRe−4x + γY (3.5)
U ′′ + (3 + ζ)U ′ = 6(2 + ζ) , (3.6)
W ′′ + 3(1− ζ)W ′ − 2(ζ ′ + 3ζ − ζ2)W = U , (3.7)
where
Y ≡ 1
2
W ′(6− U ′) +W (3− 6ζ + ζU ′) + 1
4
U2 . (3.8)
In this form we see more easily that there is again an effective dark energy density, given by
ρDE = ρ0γY . The modes associated with the homogeneous equation for W are Whom(x) =
w1e
−(3−ζ0)x + w2e2ζ0x, which are constant or exponentially decreasing in all cosmological
epochs.
The background evolution during a phase of de Sitter inflation has been studied in
section 7.4.1 of [32]. For U the evolution equation is the same as in the RT model, so at
the end of inflation we still have the result (2.20). In contrast, V remains O(1) at the
end of inflation. Since V is exponentially decreasing during RD and MD, as far as V is
concerned the solution obtained starting with V (xend) = O(1) is indistinguishable from
that obtained setting V (xend) = 0. Thus, at the background level, the only parameter in
the initial condition which needs to be taken into account is u0. As shown in [32], a large
value of u0 (say, u0 ' 240, corresponding to eq. (2.20) with ∆N ' 60) brings the evolution
of the model closer and closer to that of ΛCDM, see in particular Fig. 10 of [32].
3.1 Cosmological perturbations
The cosmological perturbations of the RR model during RD, MD and through the present
DE-dominated epoch has been studied in detail in [20], where it has been found that they
are stable, and well compatible with the cosmological observations. Here we investigate the
stability of the cosmological perturbations of the RR model during a phase of primordial
inflation, similarly to what we have done in the previous section for the RT model. The
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perturbed Einstein equations are now [20](
1− 3γV¯ ) (kˆ2Φ + 3Φ′ − 3Ψ)+ 3γ
2
[
− 1
2h2
U¯δU +
(
6Ψ− 3Φ′ −ΨU¯ ′)V¯ ′
+
1
2
(
U¯ ′δV ′ + V¯ ′δU ′
)− 3δV − 3δV ′ − kˆ2δV ] = 3
2ρ0h2
δρ . (3.9)
(
1− 3γV¯ ) kˆ2(Φ′ −Ψ)− 3γkˆ2
2
[
δV ′ − V¯ ′Ψ− δV + 1
2
(
U¯ ′δV + V¯ ′δU
)]
= − 3
2ρ0h2
θˆρ¯(1 + w) , (3.10)
(1− 3γV¯ )kˆ2(Ψ + Φ)− 3γkˆ2δV = 9
2ρ0h2
e2xρ¯(1 + w)σ , (3.11)
(1− 3γV¯ )
[
Φ′′ + (3 + ζ)Φ′ −Ψ′ − (3 + 2ζ)Ψ + kˆ
2
3
(Φ + Ψ)
]
−3γ
2
[
1
2h2
U¯δU − 2ΨV¯ ′′ + [2Φ′ − 2(2 + ζ)Ψ−Ψ′ −ΨU¯ ′]V¯ ′ + δV ′′ + (2 + ζ)δV ′
+
2kˆ2
3
δV + (3 + 2ζ)δV +
1
2
(
U¯ ′δV ′ + V¯ ′δU ′
)]
= − 3
2ρ0h2
δp , (3.12)
where we have again used overbars for the background auxiliary fields. Even at the level
of perturbations there are now only two auxiliary fields, and the linearization of their
equations gives
δU ′′ + (3 + ζ)δU ′ + kˆ2δU − 2ΨU¯ ′′ − [2(3 + ζ)Ψ + Ψ′ − 3Φ′]U¯ ′
= 2kˆ2(Ψ + 2Φ) + 6
[
Φ′′ + (4 + ζ)Φ′
]− 6[Ψ′ + 2(2 + ζ)Ψ], (3.13)
δV ′′ + (3 + ζ)δV ′ + kˆ2δV − 2ΨV¯ ′′ − [2(3 + ζ)Ψ + Ψ′ − 3Φ′] V¯ ′ = h−2δU . (3.14)
We now proceed as in the RT model, setting ζ = 0 during de Sitter. We consider first
the modes with kˆ  1. We take again eqs. (3.9) and (3.11) as the independent Einstein
equations, that, together with eqs. (3.13) and (3.14), give four equations for the four
functions Φ,Ψ, δU and δV .
We also use the background results U¯ ′ = 4 and V¯ (x) = 0 and we observe that, since
U¯ = O(1) and h 1 during primordial inflation, we can neglect the terms involving U¯/h2.
By writing δU = u and δV = v in order to use the same notation that we adopted in
the RT model (in the RR case it is not necessary to rescale variables), the independent
perturbed equations can now be written as
Φ′ −Ψ = 1
2
γ(v′ + 3v) , (3.15)
Φ + Ψ = 3γv , (3.16)
u′′ + 3u′ = 6Φ′′ + 12Φ′ − 2Ψ′ , (3.17)
v′′ + 3v′ = 0 . (3.18)
Both eq. (3.18) and the homogeneous equation u′′ + 3u′ = 0 associated with eq. (3.17)
have only constant or exponentially decreasing solutions for v and u, respectively. This
means that there is no instability in the evolution of these variables.
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Actually, the above analysis can be easily generalized to generic values of kˆ. In the
de Sitter limit, the four independent equations become
Φ′ −Ψ + kˆ
2
3
Φ =
1
2
γ(v′ + 3v) , (3.19)
Φ + Ψ = 3γv , (3.20)
u′′ + 3u′ + kˆ2u = 6Φ′′ + 12Φ′ − 2Ψ′ + 2kˆ2(Ψ + 2Φ) , (3.21)
v′′ + 3v′ + kˆ2v = 0 . (3.22)
For every value of kˆ, the homogeneous equations associated with eqs. (3.21) and (3.22)
still have constant or exponentially decreasing solutions. Indeed they have the form eαx,
where α is a (generally complex) solution of the equation α2 + 3α+ kˆ2 = 0, and it is easy
to see that Re(α) ≤ 0.
We conclude that, in the RR model, cosmological perturbations are stable not only
during the RD and MD phases, but also during a phase of primordial inflation.
4 Stability of the ∆4 model
We finally consider the ∆4 model (1.3). The evolution of a FRW background for the
∆4 model has been discussed in [15]. The resulting equations, written in terms of two
auxiliary fields U and V , are
h2(x) =
ΩMe
−3x + ΩRe−4x + (γ/4)U2
1 + γ[−3V ′ − 3V + (1/2)V ′U ′ + V ′U ] , (4.1)
U ′′ + (5 + ζ)U ′ + 2(3 + ζ)U = 6(2 + ζ) , (4.2)
V ′′ + (1 + ζ)V ′ = h−2U , (4.3)
where γ = m2/(9H20 ) and ζ = h
′/h, as in the previous models. As in the RR model, at the
background level, it is convenient to trade V for another auxiliary field W (x) = h2(x)V (x).
Then eqs. (4.1)–(4.3) can be written as
h2(x) = ΩMe
−3x + ΩRe−4x + γY (4.4)
U ′′ + (5 + ζ)U ′ + 2(3 + ζ)U = 6(2 + ζ) , (4.5)
W ′′ + (1− 3ζ)W ′ − 2(ζ ′ + ζ − ζ2)W = U , (4.6)
where
Y ≡ 1
2
W ′(6− U ′ − 2U) +W (3− 6ζ + ζU ′ + 2ζU) + 1
4
U2 . (4.7)
In this form the background equations explicitly show the effective dark energy density
contribution ρDE = ρ0γY and make h
2 appear only in eq. (4.4). For a constant value ζ0
of ζ the homogeneous solutions for U and W are given by
Uhom(x) = u0e
−2x + u1e−(3+ζ0)x , (4.8)
Whom(x) = w0e
2ζ0x + w1e
(−1+ζ0)x . (4.9)
which are constant or exponentially decreasing in MD, RD and de Sitter epochs. Given
eqs. (4.5) and (4.6), during a de Sitter inflationary stage (ζ0 = 0) from x = xin to x = xend,
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U reaches the inhomogeneous constant solution U(xend) ' 2 while, starting from a O(1)
value of W (xin), at the end of inflation W (xend) ' 2∆N . As pointed out when discussing
the RT model, during inflation the Hubble parameter h(x) becomes constant and very
large and, since V (x) = h−2W (x), V (xend) is extremely small.
4.1 Cosmological perturbations
The perturbed Einstein equations are [34]
(
1− 3γV¯ ) (kˆ2Φ + 3Φ′ − 3Ψ)+ 3γ
2
{(
V¯ ′ − U¯
2h2
)
δZ +
1
2
V¯ ′δZ ′ −
[
3 + kˆ2
(
1 +
U¯
2
)]
δV
+6V¯ ′Ψ− 3V¯ ′Φ′ + U¯
2
h2
Φ +
(
U¯ ′
2
+ U¯ − 3 + 5
6
kˆ2h2V¯ ′
)
δV ′ − (U¯ ′ + 2U¯) V¯ ′ (Φ + Ψ)
+
2
3
kˆ2h2V¯ ′2 (Φ−Ψ)
}
=
3
2h2ρ0
δρ (4.10)
(
1− 3γV¯ ) kˆ2(Φ′ −Ψ) + γkˆ2
2
[ (
U¯ − 3) (δV ′ − V¯ ′Ψ)+ U¯ V¯ ′Φ
+
3
2
(
2− U¯ ′ − 2U¯ − kˆ2h2V¯ ′
)
δV − 1
2
V¯ ′δZ
]
= − 3
2h2ρ0
ρ¯(1 + w)θˆ, (4.11)
kˆ2
[
(1− 3γV¯ )(Ψ + Φ) + γV¯ ′2h2(Ψ− Φ)− 3γ(1− U¯)δV + γh2V¯ ′δV ′]
=
9
2ρ0h2
e2xρ¯(1 + w)σ , (4.12)
(1− 3γV¯ )
[
Φ′′ + (3 + ζ)Φ′ −Ψ′ − (3 + 2ζ)Ψ + kˆ
2
3
(Φ + Ψ)
]
= − 3
2h2ρ0
δp
+
γ
2
{[
3Φ′ −
(
6 + U¯ ′ + 2U¯ +
2
3
kˆ2h2V¯ ′
)
Ψ +
(
2
3
kˆ2h2V¯ ′ − U¯ ′ − 2U¯
)
Φ
]
V¯ ′
+
(
U¯ − 6) U¯
h2
Φ +
(
V¯ ′ − U¯
2h2
+
3
h2
)
δZ +
1
2
V¯ ′δZ ′
+
[
3(3 + 2ζ) +
(
2− U¯
2
)
kˆ2
]
δV +
(
U¯ ′ + 2U¯ + 6 +
5
3
kˆ2h2V¯ ′
)
δV ′
2
}
, (4.13)
while the perturbation equations for the auxiliary fields are
δV ′′ + (1 + ζ) δV ′ + V¯ ′
(
Φ′ −Ψ′) = h−2 [δZ + 2U¯ (Ψ− Φ)] , (4.14)
δZ ′′ + (5 + ζ) δZ ′ +
(
6 + 2ζ + 2kˆ2
)
δZ = −h2kˆ4δV + 6 [Φ′′ + (3 + ζ)Φ′] (4.15)
+
(
U¯ ′ + 2U¯ − 6− kˆ
2
3
h2V¯ ′
)(
Ψ′ − Φ′)+ 2kˆ2(1− 2
3
U¯
)
Ψ + 4
[
3
(
ζ + 2
)
+ kˆ2
(
1 +
U¯
3
)]
Φ .
We now proceed as before, specializing these equations to a de Sitter inflationary epoch.
We consider first the super-horizon limit, using eqs. (4.10), (4.12), (4.14) and (4.15) as
independent equations, and setting the background variables to their asymptotic values
U¯ = 2 and V¯ = 0. Again, we can neglect terms involving U¯/h2. Writing δV = v and
δZ = z (just as in the RR case, it is not necessary to rescale the variables) the independent
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equations become
Φ′ −Ψ = 1
2
γ(v′ + 3v) , (4.16)
Φ + Ψ = −3γv , (4.17)
v′′ + v′ = 0 , (4.18)
z′′ + 5z′ + 6z = 6Φ′′ + 20Φ′ + 24Φ− 2Ψ′ . (4.19)
Similarly to the previous discussion for the RR model, the homogeneous equations for v and
z corresponding to eqs. (4.18) and (4.19) have only constant or exponentially decreasing
solutions and, as a result, the potentials Φ and Ψ are not affected by instabilities. Similar
results can be obtained for kˆ of order one. This is more easily understood from eqs. (4.12)
and (4.13), by observing that in the limit of large h (and when kˆ is not parametrically
large) the terms on the right-hand sides are negligible, so the auxiliary fields decouple
from Ψ and Φ. Furthermore, it is easy to see that even with kˆ generic the solutions of the
homogeneous equations associated with eqs. (4.14) and (4.15) are stable. Finally, in the
opposite limit kˆ  1, all time derivatives in eqs. (4.10)–(4.15) are suppressed with respect
to terms involving kˆ2 or kˆ4, and the solutions for Φ,Ψ, v and z are static and suppressed by
powers of 1/kˆ2 or 1/h2, so again there is no instability. Therefore the ∆4 model provides a
stable cosmological evolution also during inflation, for both super-horizon and sub-horizon
modes.
5 Conclusions
In a theory with massless particles (such as the graviton in GR), quantum corrections
unavoidably induce non-local terms in the quantum effective action. In the ultraviolet
regime the computation of these non-local terms is well understood theoretically, and is
by now standard textbook material (see e.g. [37–42]). The non-local terms computed in
the ultraviolet regime of GR, however, are only relevant at Planckian energy scales. For
cosmological applications, we are rather interested in the infrared regime. In this case the
situation is much less understood theoretically. In general, there are several hints that large
infrared effects can appear. For instance, because of strong infrared fluctuations, a massless
minimally-coupled scalar field in de Sitter space develops dynamically a mass [43–48]. In
the case of pure gravity the existence of strong IR effects in gauge-invariant quantities
in de Sitter space has been the subject of many investigations, with conflicting results
(see e.g. [49,50] for discussions and review of the literature), and it is fair to say that the
infrared limit of quantum gravity is currently not yet well understood.
Given this state of affairs, it makes sense to take a phenomenological attitude, and
explore whether some nonlocal terms relevant in the IR, and associated with a mass scale
m (which is understood to be generated dynamically) could have interesting cosmological
consequences. The present paper is part of an effort of our group in this direction (see
[32, 34] for comprehensive reviews). The requirement of obtaining a viable cosmological
evolution, both at the background level and at the level of cosmological perturbations,
severely restricts the class of nonlocal terms that can be considered. For instance, terms
involving 2−1Rµν in the equations of motion, as well as terms in the action of the form
Rµν2−2Rµν , or similar terms involving the Weyl tensor, do not work [13,17,28]. Basically,
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this restricts the attention to terms involving nonlocal operators acting on the Ricci scalar,
as in the RT, RR and ∆4 models. This is quite interesting conceptually, since the nonlocal
terms in these models, in the linearized limit, correspond to introducing a nonlocal but
diffeomorphism-invariant mass term for the conformal mode [27,30,32].
In this paper we have discussed whether a further constraint on the viable models
emerges by requiring stability of the background evolution and of the cosmological per-
turbations even during a phase of primordial inflation, while in previous works we only
required stability in RD and MD. We find that the evolution of the RR and ∆4 models is
stable. For the RT model there is an apparent instability, which has however completely
negligible effects because, during primordial inflation, the variables in terms of which there
is an apparent instability have initial conditions suppressed by a huge factor, given by the
ratio of the Hubble parameter during inflation and that today, squared, and therefore,
even if they grow, they still remain at extremely small values. Thus, also the RT model
passes this test. This provides useful information in view of attempts at deriving these
nonlocal terms in the quantum effective action from a fundamental action.
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